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We study the Kondo screening of a magnetic impurity adsorbed in graphene in the presence
of Rashba spin-orbit interaction. The system is described by an effective single-channel Anderson
impurity model, which we analyze using the numerical renormalization group. The nontrivial energy
dependence of the host density of states gives rise to interesting behaviors under variation of the
chemical potential or the spin-orbit coupling. Varying the Rashba coupling produces strong changes
in the Kondo temperature characterizing the many-body screening of the impurity spin, and at half-
filling allows approach to a quantum phase transition separating the strong-coupling Kondo phase
from a free-moment phase. Tuning the chemical potential close to sharp features of the hybridization
function results in striking features in the temperature dependences of thermodynamic quantities
and in the frequency dependence of the impurity spectral function.
PACS numbers: 73.22.Pr, 72.15.Qm, 64.70.Tg, 71.70.Ej
I. INTRODUCTION
Two-dimensional “single-layer” materials have gener-
ated great attention over the past decade.1,2 Understand-
ing the physics of these low-dimensional systems is highly
desirable for the design of a new generation of elec-
tronic devices with on-demand characteristics. Single- or
few-layer structures facilitate control by chemical and/or
electrical means, as well as direct access to electronic
features using local probes such as scanning tunneling
microscopy.3
Coupling between orbital and spin degrees of freedom
has noticeable effects on the properties of many single-
layer materials. Spin-orbit interaction (SOI) can come
into play either in its intrinsic form arising from the
presence of constituent atoms with high atomic num-
ber, for instance in transition-metal dichalcogenides, or
in extrinsic form due to the breaking of the electron spin
degeneracy through spatial-inversion asymmetry arising
from a substrate or an external electric field. The control
and manipulation of SOI is also important for spintronics
applications.4
One fascinating direction relates to the physics of
localized magnetic moments on single-layer structures
and their collective screening through the Kondo effect.5
This topic is of particular interest in the context of
graphene, the prototypical single-layer material and per-
haps the most basic condensed-matter system to feature
low-energy Dirac fermions. Many analytical and a few
experimental studies have recently reported controver-
sial and sometimes conflicting results6,7 concerning the
existence and nature of the Kondo effect. Among other
suggestions has been the exciting possibility of access-
ing a regime of non-Fermi liquid multichannel Kondo
physics.8–10
The goal of this paper is to advance understanding
of the Kondo physics of a magnetic impurity adsorbed
on graphene, properly taking into account Rashba SOI.
Each of the important ingredients of this problem has
been considered previously, but hitherto they have not
all been treated within a single setting.
The effect of Rashba SOI on Kondo screening in
conventional two-dimensional electron gases has been
analyzed via a number of methods in the recent
literature.11–15 It has been shown, in particular, that the
Kondo temperature can be exponentially enhanced when
the chemical potential is tuned to lie close to a van Hove
singularity that arises in the density of states (DOS) due
to SOI.16 This is an illustration of how nontrivial struc-
ture in the single-particle DOS can greatly impact the
Kondo many-body effect.
In the absence of SOI, it is expected that magnetic-
impurity physics in pristine graphene will reflect a linear
vanishing of the DOS around the energy of the Dirac
points, corresponding to the case r = 1 of a pseudogap
DOS in which ρ(E) ∝ |E − EF |r for energies E close to
the Fermi energy EF . The pseudogap Kondo and Ander-
son models (first studied in the context of unconventional
superconductivity, narrow-gap semiconductors, and flux
phases) have interesting phase diagrams that depend on
the strength of coupling between the impurity and the
conduction band, as well as the presence or absence of
particle-hole (p-h) symmetry.17–20
Even though SOI is weak for graphene deposited on
conventional substrates, it has been recently shown21
that Au intercalation at the interface between graphene
and an Ni substrate can give rise to a spin-orbit split-
ting as large as 100 meV. A large SOI has also been
achieved in hydrogenated graphene at low concentra-
tions, with Rashba coupling in the meV range.22 The
effect of Rashba SOI is to transform the linear band dis-
persion around each Dirac point into a four-band hyper-
2bolic dispersion, generating discontinuities in the DOS
at energies depending on the Rashba coupling parame-
ter. SOI also converts to a nonzero DOS what in the
absence of SOI would be a vanishing value at the charge-
neutrality point, while still preserving a strong energy
dependence.
Isolated magnetic moments can be generated in
graphene either by decorating the sample with
adatoms or molecules, or with vacancies produced by
irradiation.23 Most density functional (DFT) studies sug-
gest that transition metals adatoms tend to prefer ad-
sorption at hollow sites in the center of hexagons.24–33
However, it has been shown that the adsorption site is
strongly influenced by the value of the local Coulomb
interaction as reported by GGA+U calculations.34 Ad-
ditionally, recent experimental works show that the ad-
sorption site for Co and Ni atoms depends strongly on
the substrate: Co always adsorbs onto SiC on top of a
carbon atom, while for freestanding graphene one finds
top and hollow sites for both Co and Ni.35 While ad-
sorbed Ni always seems to be nonmagnetic, Co carries a
magnetic moment that depends on the adsorption site.
In this paper we study an Anderson impurity model
describing a configuration in which a spin- 12 adatom
with axial orbital symmetry is adsorbed on top of a
graphene carbon atom, the most probable adsorption
site for Co.35 The hybridization between the magnetic
impurity and graphene bulk states inherits nontrivial
energy dependence from the DOS. Using the numeri-
cal renormalization-group (NRG) technique, we calcu-
late thermodynamic and spectral quantities that enable
us to characterize the Kondo physics under variation of
the chemical potential and the Rashba coupling. If the
system is held at half-filling, increasing the Rashba pa-
rameter from zero gives rise to a quantum phase tran-
sition. When the system is doped such that the Fermi
level lies close to a discontinuity in the impurity-band
hybridization function, the proximity of a new screening
channel produces a suppression in the Kondo peak near
the Fermi energy, as can be seen in the impurity spec-
tral function. The Kondo temperature, which exhibits
a strong dependence on band filling, undergoes a sud-
den change as the chemical potential crosses a jump in
the hybridization function. Additionally, the impurity
is found to make a negative low-temperature contribu-
tion to thermodynamic quantities such as the magnetic
susceptibility and the entropy. This rich behavior is in
principle accessible in experiments.
The remainder of the paper is organized as follows.
Section II describes the model and its transformation into
a form that can be solved using the NRG method. Re-
sults are presented in Sec. III, followed by discussion and
our conclusions in Sec. IV.
II. MODEL AND IDENTIFICATION OF
RELEVANT SCREENING CHANNEL
Our analysis is based on an Anderson Hamiltonian
for a system in which massless Dirac fermions of the
host graphene experience Rashba SOI and are coupled
to a nondegenerate impurity level exhibiting axial sym-
metry about a direction perpendicular to the plane of
the graphene. We show in this section how the resulting
multichannel model can be reduced to a single-channel
Hamiltonian via a sequence of canonical transformations
on the fermionic degrees of freedom. These transforma-
tions allow the energy-dependent impurity hybridization
function to be identified.
A. Model Hamiltonian
We start with a real-space tight-binding Hamiltonian
for graphene:
Hg = −t
∑
R,j,s
a†s(R) bs(R + δj) + H.c., (1)
where as(R) [bs(R)] destroys an electron with spin z pro-
jection ± 12 for s = ±1 (alternatively s = ↑ / ↓) on the
sublattice-A [sublattice-B] carbon atom in the unit cell
centered at R. Also, t ≃ 3 eV is the nearest-neighbor
hopping, and δj (j = 1, 2, 3) are nearest-neighbor trans-
lation vectors of length a ≃ 1.42 A˚ lying in the x-y plane.
After an expansion around the two nonequivalent Dirac
points, located in two-dimensional reciprocal space at
wave vectors K± = (±4π/(3
√
3a), 0), we arrive at the
low-energy effective Hamiltonian
Heffg =
∑
q
ψ†(q) hg(q) ψ(q), (2)
with (setting ~ = 1)
hg(q) = τ0 ⊗ s0 ⊗ (vF q · σ − µσ0), (3)
where q = k−Kτ is the wave vector measured from the
center of valley τ = ±, vF = 3at/2 is the Fermi veloc-
ity, µ is the chemical potential, σ = (σx, σy) is a vec-
tor of Pauli matrices acting on a sublattice pseudospin
degree of freedom σ = ±1, and τ0, s0, and σ0 are the
two-dimensional identity matrices in the valley, spin, and
pseudospin spaces, respectively. The Hamiltonian matrix
(3), written in a valley-isotropic representation36 that al-
lows one to treat both valleys on the same footing, was
obtained by arranging the eight-component spinor ψ(q)
as
ψ(q) =
(
ψ+,↑(q)
T , ψ+,↓(q)
T , ψ−,↑(q)
T , ψ−,↓(q)
T
)T
,
(4)
with ψ+,s = (a+,s , b+,s)
T and ψ−,s = (b−,s , −a−,s)T
being indexed by σ = 1 or −1. Here, aτ,s(q) [bτ,s(q)] is
the annihilation operator in sublattice A [B], valley τ ,
spin z projection s/2, and relative wave vector q.
3The Rashba term, arising from asymmetry of the po-
tential along the z axis, is written in the tight-binding
representation as37
HR = i
λR
a
∑
R,j,s,s′
a†s(R) [sss′×δj ]zbs′(R+δj)+H.c., (5)
where sx and sy are Pauli matrices in the spin space.
A low-energy reciprocal-space representation can be de-
duced through expansion of Eq. (5) about each Dirac
point, or it can be introduced by symmetry arguments.37
To zeroth order in qxa and qya,
HeffR =
∑
q
ψ†(q)hR ψ(q), (6)
with
hR = λ τ0(s× σ) · zˆ = λ τ0 (sxσy − syσx) . (7)
where the sign and magnitude of the Rashba parameter
λ = 3λR/2 can be tuned in experiments via an electric
field applied parallel or antiparallel to the z axis. For
convenience, we take λ ≥ 0.
We consider a magnetic impurity level that adsorbs to
the sublattice-A carbon atom in the unit cell at R = 0.
The nondegenerate level of the isolated impurity atom
can be described by
Himp = ǫd
∑
s
nds + Und↑nd↓, (8)
where ǫd is the impurity level energy relative to the chem-
ical potential, U is the onsite Coulomb repulsion, and
nds = d
†
sds with ds destroying an electron of spin s in the
impurity level. Assuming that electron tunneling to/from
the impurity level takes place only through the nearest
carbon pz orbital, mixing between the impurity and the
host is captured in a hybridization Hamiltonian term
Hmix = V
∑
s
d†s as(0) + H.c., (9)
which, after the Fourier transformation and expansion in
reciprocal space about the Dirac points yields
Hmix =
V√
Nc
∑
τ,s,q
d†s aτ,s(q) + H.c., (10)
where Nc is the number of unit cells in the graphene
layer.
Our goal is to understand the low-energy physics of
the Hamiltonian H = Heffg +H
eff
R +Himp +Hmix defined
in Eqs. (2)–(4), (6)–(8), and (10). In order to accom-
plish this, it is helpful to perform several simplifications
described in the next subsection.
B. Transformation of the model
Taking advantage of the axial symmetry of the im-
purity about the z axis perpendicular to the graphene
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FIG. 1. (Color online) (a) Graphene band structure near
either Dirac point, plotted schematically as a function of qx for
fixed qy = 0, where q = k−K±. Solid [dotted] lines represent
the dispersion with [without] Rashba SOI. Each solid line is
labeled with its α, β values. (b) The corresponding densities
of states ρ(E). For an impurity adsorbed directly on top
of a carbon atom, the hybridization function Γ(E) is simply
proportional to ρ(E).
plane, it is convenient to expand in an angular momen-
tum basis11
aτ,s(q) =
1√
2πq
∞∑
m=−∞
eimθ amτ,s(q), (11)
where q = |q|, θ = arctan(qy/qx), m is the azimuthal
quantum number, and the prefactor of the summation
ensures the anticommutation of the new operators. With
a similar expression for the operator bτ,s, it is convenient
to define new 8-component spinors
ψj(q) =
(
ψj+,↑(q)
T , ψj+,↓(q)
T , ψj−,↑(q)
T , ψj−,↓(q)
T
)T
(12)
with ψj+,s =
(
a
j−s−1/2
+,s , b
j−s+1/2
+,s
)T
and ψj−,s =(
b
j−s−1/2
−,s , −aj−s+1/2−,s
)T
. Since each operator entering
ψj satisfies m +
1
2 (τσ + s) = j, this spinor acts to
decrease by j the total angular momentum defined as
Jz = Lz +
1
2 (τzσz + sz).
With integration over θ, the angular component of q,
the bulk Hamiltonian Heff0 ≡ Heffg +HeffR can be rewritten
Heff0 =
∞∑
j=−∞
∫
dq ψ†j (q) [τ0s0(vF q σx − µσ0) + hR] ψj(q),
(13)
with hR still given by Eq. (7). This Hamiltonian can be
put into the diagonal form
Heff0 =
∑
α,β,τ,j
∫
dq
[
Eα,β(q) − µ
]
[f jα,β,τ(q)]
† f jα,β,τ(q),
(14)
4where α and β run independently over ±, and
Eα,β(q) = αλ+ β
√
(vF q)2 + λ2. (15)
The dispersions Eα,β(q) are shown schematically in Fig.
1(a), along with the corresponding dispersions for λ = 0.
Interestingly, the λ 6= 0 band structure is similar to
that in Bernal-stacked bilayer graphene38 with λ→ t⊥/2
(where t⊥ is the interlayer hopping), although in the
present case the presence of SOI also generates a non-
trivial spin structure.39 The DOS for each (j, τ) sector
is
ρ(E) =
Ω0
πv2F
[|E|+ λ+ (|E| − λ) Θ(|E| − 2λ)], (16)
where Θ(x) is the Heaviside step function. This DOS
has a linear energy dependence with discontinuities at
E = ±2λ, as shown schematically in Fig. 1(b).
We note that terms of higher order in qxa and qya than
those contained in Eqs. (2) and (6) modify Eqs. (15) and
(16), both at energies |E| & t/10 too high to play any
essential part in the Kondo physics and below an energy
scale proportional to λ4/t3 (see Ref. 40). The effect of
the low-energy departures from Eqs. (15) and (16) will
be discussed in Sec. IV.
In the angular-momentum basis, the impurity-host hy-
bridization Hamiltonian becomes
Hmix = V
√
Ω0
2π
∑
s
d†s
∫
dq
√
q a0τ,s(q) + H.c., (17)
where Ω0 is the graphene unit cell area. It is evident
that this term involves only orbital angular momentum
m = 0, but that when expressed in terms of total angular
momentum eigenstates, the impurity couples to j = 0,
±1. Moreover, we need to express the operators a0τ,s in
terms of the operators f jα,β,τ that diagonalize H
eff
0 .
It is straightforward to show that
am+,↑(q) = −i
∑
α,β
α
Nα,β(q)
fm+1α,β,+(q),
bm+,↑(q) = −i
∑
α,β
αEα,β(q)
vF q Nα,β(q)
fmα,β,+(q),
am+,↓(q) =
∑
α,β
Eα,β(q)
vF q Nα,β(q)
fmα,β,+(q),
bm+,↓(q) =
∑
α,β
1
Nα,β(q)
fm−1α,β,+(q),
bm−,↑(q) = −i
∑
α,β
α
Nα,β(q)
fm+1α,β,−(q),
am−,↑(q) = i
∑
α,β
αEα,β(q)
vF q Nα,β(q)
fmα,β,−(q),
bm−,↓(q) =
∑
α,β
Eα,β(q)
vF q Nα,β(q)
fmα,β,−(q),
am−,↓(q) = −
∑
α,β
1
Nα,β(q)
fm−1α,β,−(q),
(18)
where
Nα,β(q) =
√
2
[
1 +
(
Eα,β(q)
vF q
)2]1/2
(19)
ensures that the f operators obey the canonical anticom-
mutation relations{
f jα,β,τ (q), f
j′
α′,β′,τ ′(q
′)†
}
= δα,α′ δβ,β′ δτ,τ ′ δj,j′ δ(q − q′). (20)
Inserting Eqs. (18) into Eq. (17), we get
Hmix = V
√
Ω0
2π
∑
α,β,τ,s
τ (−iα)(1+s)/2 d†s
∫
dq
√
q
Nα,β(q)
×
(
Eα,β(q)
q
)(1−τs)/2
f
(τ+s)/2
α,β,τ (q) + H.c.
(21)
At this point, it is convenient to change from integra-
tion over wave vector q to integration over energy E. We
introduce a function Λα,β(E) = Θ(βE − 2λδα,β), which
takes the value 1 for any value of E for which there is a
value of q such that Eα,β(q) = E, and which is zero oth-
erwise. Then we can define new annihilation operators
f jα,β,τ(E) = |dq/dE| f jα,β,τ (q)
=
√
Λα,β(E) |E − αλ|
vF
√
E(E − 2αλ) f
j
α,β,τ (q), (22)
such that{
f jα,β,τ (E), f
j′
α′,β′,τ ′(E
′)†
}
= δα,α′ δβ,β′ δτ,τ ′ δj,j′ δ(E − E′). (23)
In the new basis,
Heff0 =
∑
α,β,τ,j
∫
dE (E − µ) f jα,β,τ (E)†f jα,β,τ(E), (24)
and
Hmix =
V
2vF
√
Ω0
2π
∑
α,β,τ,s
τ (−iα)(1+s)/2 d†s
∫
dE
√
Λα,β(E)
× |E|(1−τs)/4 |E − 2αλ|(1+τs)/4 f (τ+s)/2α,β,τ (E) + H.c.
=
V
2
∑
s
d†s
∫
dE
√
ρ(E) gs(E) + H.c., (25)
where ρ(E) is the density of states defined in Eq. (16)
and
gs(E) =
√
Ω0
2πv2F ρ(E)
∑
α,β,τ
τ (−iα)(1+s)/2
√
Λα,β(E)
× |E|(1−τs)/4 |E − 2αλ|(1+τs)/4 f (τ+s)/2α,β,τ (E)
(26)
5satisfying {
gs(E), g
†
s′(E
′)
}
= δs,s′ δ(E − E′) (27)
is the annihilation operator for the single effective band
or channel of host electrons that couples to the magnetic
impurity. The Hamiltonian for the host can be rewritten
Heff0 =
∑
s
∫
dE (E − µ) g†s(E) gs(E) + . . . , (28)
where “. . .” describes degrees of freedom that do not cou-
ple to the impurity and which will henceforth be dis-
carded.
Equations (8), (25), and (28) represent the reduction
of the original four-channel Anderson model defined in
Sec. II A to an effective one-channel Anderson impurity
model having an impurity hybridization function
Γ(E) =
πV 2
4
ρ(E) (29)
that is directly proportional to the DOS ρ(E) shown in
Fig. 1(b).41 It should be noted that even though spin is
not a good quantum number in the presence of SOI, the
DOS and thehybridization function entering the effective
Anderson model are spin-independent.
The nontrivial energy dependence of the hybridiza-
tion function, with linear regions separated by jumps,
suggests that the Kondo physics will exhibit interesting
modulations under variation of the chemical potential µ
and/or the Rashba parameter λ. As noted in Sec. I, the
DOS of graphene without SOI has the pseudogap form
ρ(E) ∝ |E|r with r = 1. It is well established that for
µ = 0 and r ≥ 12 , and in the presence of p-h symme-
try, no Kondo screening is possible for any value V of
the hybridization;6,20 instead, the system lies in a free-
moment phase in which the ground state contains a free
impurity spin entirely decoupled from the host. As soon
as the Rashba SOI is turned on, however, the DOS at
E = 0 acquires a finite value Ω0λ/πv
2
F [Eq. (16) and Fig.
1]. At fixed µ = 0, therefore, we expect the free-moment
phase present for λ = 0 to be replaced for λ > 0 by a
Kondo-screened phase with a Kondo temperature scale
that varies exponentially with −1/λ. On the other hand,
for fixed Rashba coupling, we expect a rapid change in
the Kondo temperature as µ crosses the discontinuity in
the hybridization function at E = ±2λ. As will be shown
in the next section, these expectations are borne out by
numerical calculations that also reveal other striking be-
haviors under variation of λ and µ.
III. NUMERICAL RESULTS
We have performed numerical renormalization-group
(NRG) calculations in order to rigorously test and quan-
tify the qualitative expectations outlined at the end of
Sec. II. The NRG is a nonperturbative method that al-
lows the iterative diagonalization of the Hamiltonian for
ln
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FIG. 2. (Color online) Kondo temperature TK vs Rashba
parameter λ for chemical potential µ = 0 and hybridization
prefactor Γ0 = 0.08, comparing NRG calculations (solid line)
with Haldane’s formula Eq. (30) (dashed line). The inset
makes clear the exponential dependence of TK on 1/λ, char-
acteristic of a Kosterlitz-Thouless quantum phase transition.
a quantum impurity model and yields reliable low-energy
many-body states.42,43 These states can be used to calcu-
late dynamical properties such as the impurity spectral
function, as well as the impurity contribution to a ther-
modynamic property,44 defined to be Ximp = X − X0
where X is the value of the property in the full system
consisting of the impurity coupled to the host, and X0 is
the corresponding value for the host alone.
We adopt units where ~ = kB = gµB = D = 1. All re-
sults shown are for the case of a p-h-symmetric impurity
(i.e., U = −2ǫd) with U = 0.02, and for a hybridization-
function prefactor Γ0 ≡ Ω0DV 2/(4v2F ) = 0.04 or 0.08.
The data were calculated using an NRG discretization
parameter Λ = 2.5, retaining 2 000 many-body states
after each iteration.
A. Kondo temperature
We determine the Kondo temperature using the stan-
dard operational definition TKχimp(TK) = 0.0701 based
on the universal scaling of the impurity contribution to
the static magnetic susceptibility of the Kondo model.42
Figure 2 plots the Kondo temperature TK as a function
of the Rashba parameter for the case µ = 0 where Γ(E)
takes its minimum value at E = µ. The figure also shows
the prediction
TK =
√
UΓ(µ)/2 exp [−πU/8Γ(µ)] (30)
obtained from Haldane’s formula45 for the Kondo tem-
perature of an Anderson model with a flat hybridiza-
tion function Γ(E) = Γ(µ)Θ(D − |E|). The inset to
Fig. 2 establishes the exponential dependence of TK on
1/λ. The exponential vanishing TK as λ→ 0 is a signa-
ture of a quantum phase transition of Kosterlitz-Thouless
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FIG. 3. (Color online) Kondo temperature TK vs Rashba pa-
rameter λ for three different combinations of the hybridiza-
tion prefactor Γ0 and the chemical potential µ that, for λ = 0,
take the system from its mixed valence regime [largest value
of Γ(µ), top case] to deep in its Kondo regime [smallest Γ(µ),
bottom case]. Solid lines plot NRG results, while the dashed
line shows the prediction of Eq. (30) for the middle value of
Γ(µ).
type46–48 at λ = 0. That the NRG yields a larger TK
than given by the Haldane formula, especially at low λ,
is the result of the true hybridization function [Eq. (29)]
satisfying Γ(E) > Γ(µ) for all E 6= 0.
Figure 3 shows examples of the variation of TK with
λ away from the charge-neutrality point. Data are pre-
sented for three different combinations of Γ0 and µ. In
each case, the Kondo temperature is almost constant as
the Rashba parameter increases from zero until there
is a rapid drop in TK centered close to λ = |µ|/2.
Further increase of λ causes TK to rise and eventually
surpass its value for λ = 0. As shown for the case
Γ0 = 0.04, µ = 0.018, the main trends in the NRG re-
sults (solid lines) are captured quite well (dashed line)
by Eq. (30) based on Γ(µ) = 2Γ0|µ|/D for λ < |µ|/2 and
Γ(µ) = Γ0(|µ|+ λ)/D for λ > |µ|/2.
Figure 3 does show some deviations from the approx-
imation in Eq. (30). First, just as in the case µ = 0
considered in Fig. 2, the formula systematically under-
estimates the Kondo temperature due to its neglect of
regions of larger Γ(E) far from the chemical potential.
Second, the qualitative shape of the TK(λ) curve evolves
with the degree of electronic correlation, which can be
measured by the ratio U/πΓ(µ) = 2.0 (top case in Fig.
3), 4.4, and 8.0 (bottom case). In the most strongly cor-
related case, the NRG data show a downward rounding of
TK(λ) for λ just below |µ|/2, whereas the other two cases
exhibit a noticeable rise in TK as λ approaches |µ|/2 from
below. These features, as well as a shift of the minimum
in TK to a location λ > |µ|/2, must arise from a sub-
tle balance between increases and decreases in Γ(E) over
T
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FIG. 4. (Color online) Kondo temperature TK vs chemical
potential µ near the jump in Γ(µ) at µ = 2λ, calculated for
Γ0 = 0.04 and two values of the Rashba parameter: λ =
0.006 (circles, lower axis) and λ = 0.015 (squares, upper axis).
There is a rapid rise in TK as µ crosses the discontinuity in
the hybridization function, with a sharper variation for the
smaller λ.
different decades of |E − µ|. There is also a progressive
smearing of sharp features in TK vs λ as U/πΓ(µ) de-
creases, signaling a shift from pure-Kondo behavior (for
which use of Haldane’s formula is justified) toward mixed
valence (where the formula is inapplicable).
Now we consider variation of the chemical potential at
fixed Rashba parameter. There is a sharp jump ∆Γ(µ) =
Γ(0) ∝ λ as µ rises through 2λ. This jump manifests
itself in a rapid increase in TK vs µ, as shown in Fig. 4.
For λ = 0.006, the Kondo temperature rises by an order
of magnitude as λ increases by about 1%. For λ = 0.015,
the absolute values of TK and the size of the jump in Γ(µ)
are larger than for λ = 0.006, but the relative increase in
TK on passing through µ = 2λ is only half an order of
magnitude. This can be understood from the fact that
lnTK ∼ −1/Γ, so ∂ lnTK/∂ ln Γ ∼ 1/Γ ∼ 1/λ, meaning
that the change in TK due to the sharp variation of Γ
around µ = 2λ is softened for increasing λ.
B. Thermodynamic and spectral quantities
We now turn to the variation with temperature T of
static impurity thermodynamic properties and to the fre-
quency variation of T = 0 dynamical quantities, consid-
ering situations where the chemical potential is close to
a point where Γ(µ) jumps in value from 3Γ(0) to 4Γ(0).
We focus on µ = 2λ, although the results would be iden-
tical for µ = −2λ due to the p-h symmetry in the host
and (for U = −2ǫd) in the impurity.
Fig. 5 shows the magnetic susceptibility at µ = 2λ,
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FIG. 5. (Color online) Impurity contribution to the magnetic
susceptibility at chemical potential µ = 2λ, calculated for
Γ0 = 0.04 and different values of the Rashba parameter λ. At
low temperatures, χimp(T ) changes sign, showing a residual
negative susceptibility contribution as T → 0.
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FIG. 6. (Color online) Impurity spectral function Aimp(ω) vs
frequency ω at T = 0 for µ = 2λ, Γ0 = 0.04, and different
values of the Rashba parameter λ. The Kondo peak spanning
|ω| . TK is strongly asymmetric and features a sharp drop
around the Fermi level due to the presence of the jump in
Γ(E) at E = µ.
plotted as Tχimp vs T for different values of the Rashba
parameter ranging from 0.004 to 0.014. The curves ex-
hibit features typical of Kondo screening, with Tχimp
increasing from near 1/8 (the high-temperature suscepti-
bility of the impurity level when decoupled from the host
graphene) for T ≫ U, |ǫd| toward its local-moment value
1/4 in an intermediate temperature range before falling
toward zero over four decades of temperature around TK .
However, it should be noted that limT→0 Tχimp(T ) is not
zero, but rather negative. This distinctive property is
associated with the sharp jump in Γ(E), similar to be-
havior found in other systems where the hybridization
function has a strong energy dependence.49–52 As χimp is
the impurity contribution to the susceptibility, the neg-
ative values mean that the introduction of the magnetic
adatom lowers the susceptibility compared to that of an
impurity-free graphene layer.
The impurity spectral function for µ = 2λ plotted in
Fig. 6 exhibits an asymmetric peak straddling the Fermi
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FIG. 7. (Color online) Low-temperature variation of tem-
perature times the impurity magnetic susceptibility Tχimp
(upper panels) and impurity entropy Simp (lower panels) for
Γ0 = 0.04, λ = 0.006, and different values of the chemical
potential µ = 2λ± 10−m close to a jump in Γ(µ).
level (ω = 0), compatible with a Kondo resonance span-
ning the window |ω| . TK , but with a sharp dip su-
perimposed that splits the peak into two parts. As we
will see below, a similar feature appears even in the non-
interacting case U = 0, where it can be traced to the
discontinuity in Γ(E) at the chemical potential. As λ in-
creases, the combined “peak-dip” feature becomes wider,
tracking the increase in TK .
Figures 7 and 8 show properties at fixed λ = 0.006
for a set of chemical potentials µ = 2λ± 10−m with dif-
ferent integer values of m. When the chemical potential
is sufficiently far from the discontinuity (m . 6), both
Tχimp and Simp show temperature dependences char-
acteristic of Kondo screening and approach zero mono-
tonically over the temperature range shown. As µ gets
closer to the jump in Γ(µ), the low-temperature behavior
changes in a way that depends on the sign of µ− 2λ. For
µ < 2λ, Tχimp and Simp both cross to negative values
and then back to positive values before approaching zero
from above as T → 0. For µ > 2λ, by contrast, Tχimp
and Simp each change sign once and approach zero from
below. The properties deviate from their counterparts
for µ = 2λ (i.e., m → ∞) below a characteristic tem-
perature scale T ∗ ≃ |µ − 2λ|. The range of µ in which
unconventional behavior is found is essentially the one in
which T ∗ . TK .
The impurity spectral function for λ = 0.006 and µ =
2λ± 10−m is shown in Fig. 8. For values of µ far enough
from the discontinuity (as in the case m = 6), there
is a conventional, if slightly asymmetric, Kondo peak
at the Fermi level. Once µ approaches the jump close
enough that Tχimp and Simp undergo sign changes (i.e.,
T ∗ ≃ |µ − 2λ| . TK), the shape of Aimp(ω) is modified
around the Fermi level. The peak loses spectral weight,
particularly on the side satisfying ω (2λ − µ) > 0. The
8+ω
10−9 10−6 10−3 100
A
im
p
(ω
)
0
100
200
300
400
-ω
100 10−3 10−6 10−9
6
7
8
9
m
= 2 - 10-m(a)
+ω
10−9 10−6 10−3 100
= 2 + 10-m
A
im
p
(ω
)
0
100
200
300
400
-ω
100 10−3 10−6 10−9
6
7
8
9
∞
m
FIG. 8. (Color online) Impurity spectral function Aimp(ω) vs
frequency ω at T = 0, calculated for Γ0 = 0.04, λ = 0.006, and
different values of the chemical potential µ = 2λ±10−m close
to a jump in Γ(µ). For T ∗ ≃ |µ− 2λ| . TK , the Kondo peak
shows a dip near the location ω = 2λ−µ of the discontinuity.
value of Aimp(0) drops, while Aimp(TK) and Aimp(−TK)
change more slowly, resulting in splitting of the Kondo
peak into two asymmetric parts around a minimum at
ω ≃ (2λ− µ) ≃ T ∗ sgn(2λ− µ).
In order to gain insight into the nature of the unusual
behavior reported above for µ near a discontinuity in the
hybridization function, it is useful to consider the case
U = 0, for which the impurity spectral function may be
expressed as5
Aimp(ω) =
1
π
Γ(ω)
[ω − ǫd − Σ′d(ω)]2 + Γ(ω)2
, (31)
with Γ(ω) given by Eq. (29) and
Σ′d(ω) =
1
π
P
∫
dω′
Γ(ω′)
ω − ω′
=
V 2Ω0
4πv2F
{
(ω + µ)
[
2 log
∣∣∣∣ (ω + µ)2 − 4λ2(ω + µ)2 − 1
∣∣∣∣
− log
∣∣∣∣1− 4λ2(ω + µ)2
∣∣∣∣
]
− log
∣∣∣∣ω + µ− 2λω + µ+ 2λ
∣∣∣∣
}
.
(32)
Figure 9 shows the noninteracting spectral function
Aimp(ω) for λ = 0.015 and µ = 2λ ± 10−m. The im-
purity level energy is set to ǫd = 0.007 in order to have a
resonance in the spectral function located near the Fermi
level, playing the role analogous to a Kondo peak in the
interacting case. Comparing this figure with the inter-
acting one in Fig. 8, one observes many qualitative sim-
ilarities. However, the dip in Aimp(ω) near the position
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FIG. 9. (Color online) Impurity spectral function Aimp vs
frequency ω at T = 0 for the noninteracting case U = 0 with
ǫd = 0.007, Γ0 = 0.04, λ = 0.015, and different values of the
chemical potential µ = 2λ± 10−m close to a jump in Γ(µ). A
sharp, asymmetric dip structure is centered near the location
ω = 2λ−µ of the discontinuity in the hybridization function.
ω = 2λ − µ of the hybridization function discontinuity
appears much sharper for U = 0 than in the interacting
case, due to rescaling introduced by the interactions and
NRG discretization effects.
One feature that is quantitatively similar between Figs.
8 and 9 is the asymmetry in the value of Aimp(0) under
reversal in the sign of µ − 2λ. For µ fairly far from the
discontinuity in Γ(µ) (e.g., m = 6 in the figures), the
value of Aimp(0) is one-third higher for µ < 2λ than for
µ > 2λ. Both for U = 0 and for U > 0, this can be
understood in terms of approach to the flat-band limit
in which the Friedel sum rule gives Aimp(0) = 1/[πΓ(µ)].
For smaller values of |µ− 2λ|, the nontrivial variation of
Γ(E) near E = µ modifies the form of the Friedel sum
rule53 and leads to Aimp(0) < 1/[πΓ(µ)].
We conclude from this comparison with the case U = 0
that the principal features of the impurity spectral func-
tions shown in Fig. 8 stem from the jump in the hy-
bridization function. The dip or antiresonance in Aimp
at the location of the hybridization step is reminiscent
of behavior found previously in systems with a gapped
DOS,52,54–57 where resonances of single-particle charac-
ter can appear inside the gap due to the jump onset in
the hybridization function at the the gap edge.
IV. DISCUSSION
We have presented a study of the Kondo screening of
a nondegenerate magnetic impurity adatom on graphene
in the presence of Rashba spin-orbit interaction. The
impurity has been assumed to sit on top of a carbon
9atom, shown by recent experiments to be the most likely
position for Co impurities. This configuration can be
described by an Anderson impurity model in which a lo-
calized level mixes with a single effective band via an
energy-dependent hybridization function Γ(E) that is di-
rectly proportional to the graphene density of states and
contains a pair of jumps whose magnitude is proportional
to the Rashba strength λ, located at energies E = ±2λ.
We have analyzed different regimes that can be ac-
cessed by tuning the chemical potential µ and the Rashba
strength λ. At µ = λ = 0 (only), Γ(µ) = 0 and hence for
Γ0 < Γ0,c the system lies in a free-moment phase where
the ground state contains a decoupled impurity spin.
Γ0,c =∞ for the case U = −2ǫd considered in our calcu-
lations, but away from strict p-h symmetry (U 6= −2ǫd,
not shown) the critical hybridization prefactor Γ0,c would
be finite (Ref. 20). For Γ0 > Γ0,c or for any nonzero
value of µ and/or λ, the system instead lies in a strong-
coupling (Kondo) phase in which the impurity degree of
freedom is quenched at temperatures much below TK .
This Kondo scale is exponential in −1/Γ(µ), indicating
that the singular point µ = λ = 0 is the location of a
Kosterlitz-Thouless type of quantum phase transition.
When the chemical potential lies close to one of the
jumps in Γ(E), the impurity contributions to the static
magnetic susceptibility and the entropy show unusual
behavior with decreasing temperature, including a sign
change (or even two) before Kondo screening ultimately
sets in. Similar features have been predicted before in
other situations where the hybridization function exhibits
rapid or discontinuous energy dependence.49–53 In the
same range of µ, the impurity spectral function shows
anomalies connected to those seen in the thermodynamic
quantities. The Kondo peak is asymmetric about ω = 0
and for |µ − 2λ| . TK has a sharp dip-like structure,
which can be traced back to a similar feature found in
the noninteracting limit of the model.
Our results have been derived based on an effective
description Heff0 = H
eff
g + H
eff
R [Eqs. (2) and (6)] of the
host graphene, obtained via a low-order expansion of
H0 = Hg + HR [Eqs. (1) and (5)] in powers of qxa and
qya, where q = k − Kτ is the deviation in reciprocal
space from one or other of the two Dirac points τ = ±
found for λ = 0. The effective description yields the
hyperbolic band dispersions given in Eq. (15) and the
density of states in Eq. (16) having a minimum value
ρ(0) = Ω0λ/πv
2
F > 0. However, it has been shown
40
that a complete analysis of H0 = Hg +HR yields a band
structure that for λR > 0 has six Dirac points, three in
each valley τ = ± at reciprocal space locations satisfy-
ing |q|a ≃ 2(λR/t)2. As a result, ρ(E) deviates from
the form given in Eq. (16) for |E| < E1 ∝ λ4R/t3, drop-
ping linearly to zero at E = 0 rather than approaching a
nonzero limit.
As a consequence of the behavior ρ(E) ∝ |E| for
|E| . E1, when the system is tuned to half filling (µ = 0),
the pseudogap condition Γ(µ) = 0 holds for all values of
λ = 3λR/2 (not just for λ = 0 as found using H
eff
0 ). This
means that for a p-h-symmetric impurity (U = −2ǫd),
the system always has a free-moment ground state, while
in other cases the free-moment ground state holds for suf-
ficiently weak impurity-host hybridization. It is impor-
tant to note, though, that Kondo physics of an Anderson
impurity in a host described by H0 will differ from that
reported in Sec. III for a system described byHeff0 only on
temperature scales T . E1. The impurity moment will
in many cases appear to be quenched for E1 . T . TK ,
where TK is the effective Kondo scale deduced using the
low-order description Heff0 , and only for T ≪ E1 will the
many-body screening unwind to reveal an asymptotically
free local impurity moment. For all physically plausible
values of λR (smaller than 10meV, say), E1 will be or-
ders of magnitude below the base temperature Tmin of
any experiment, and there will be no detectable differ-
ence between results for H0 and those for H
eff
0 .
The physics we have described should be accessible
through scanning tunneling microscopy on a graphene
sample decorated with a few magnetic adatoms. To ap-
proach the quantum phase transition between the Kondo
and free-moment phases, one could vary λ at half filling
by manipulating the substrate and/or the hydrogena-
tion level, or by applying an electric field while keep-
ing the graphene charge-neutral. Even though the free-
moment phase is confined to µ = λ = 0 (at least within
the effective description of the host provided by Heff0 ),
in a real experiment the system would appear to dis-
play free-moment behavior once λ becomes small enough
that TK < Tmin. Another interesting regime of the sys-
tem should be accessible via gate tuning of the chem-
ical potential close to a jump in the host density of
states. In systems with strong Rashba coupling (such as
graphene on a Ni substrate with Au intercalation21 or hy-
drogenated samples22), scanning tunneling spectroscopy
should allow one to observe the characteristic dip struc-
ture in the spectral function. Although intercalation or
decoration could induce disorder and modify the DOS, it
has been observed that Au intercalation tends to decou-
ple graphene from the Ni substrate, leading to a quasi-
pristine graphene structure.21
In systems with more moderate Rashba coupling, it
may be possible to observe a rapid change in TK as the
chemical potential is varied by a few percent around 2λ.
In conclusion, we find that Kondo screening in
graphene is robust against the presence of Rashba spin-
orbit interaction, even though this coupling breaks the
spin symmetry of the Hamiltonian. Electrons with dif-
ferent projections 0, ±1 of the total angular momentum
about an axis perpendicular to the graphene layer recom-
bine to form a single effective band of screening fermions.
The density of states of this band has a strong energy
dependence that leads to nontrivial phenomena. Our re-
sults suggest experimental signatures that may also char-
acterize the Kondo physics in the new generation of lay-
ered two-dimensional compounds where spin-orbit inter-
actions plays an even stronger role.
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